Abstract. We prove that every compact complex surface with odd first Betti number admits a locally conformally symplectic 2-form which tames the underlying almost complex structure.
Introduction
It is a well-known result [43, 47, 11, 30 ] that a compact complex surface S = (M, J) admits a Kähler metric if and only if its first Betti number b 1 (M ) is even. A cornerstone for the proof of this result is the fact, proved independently in [18, Lemme II.3] and [22, p. 185 ] (see also [43, p. 143 , Prop. 1.6] for the case of a K3 surface), that b 1 (M ) is even if and only if M admits a symplectic form ω which tames J, in the sense that the (1, 1) part of ω is positive definite. This and the methods of proof in [11, 30] inspired the so-called "tamed to compatible" conjecture in symplectic geometry, which asks whether an almost complex structure on M which is tamed by a symplectic form admits a compatible symplectic form, see [15, 44] .
A natural extension of the theory of Kähler manifolds to the non-Kählerian complex case can be obtained through the notion of locally conformally Kähler metrics, introduced and studied in foundational work by F. Tricerri and I. Vaisman, see e.g. [14, 36] for an overview. Recall that a locally conformally Kähler (or lcK ) metric on a complex manifold X = (M, J) is defined by a positive-definite (1, 1)-form F satisfying dF = θ ∧ F for a closed 1-form θ. The 1-form θ is uniquely determined and is referred to as the Lee form of F . The corresponding Hermitian metric g(·, ·) = F (·, J·) defines a conformal class c on M . Changing the Hermitian metricg = e f g within c amounts to transform the Lee form byθ = θ + df , so that the de Rham class [θ] is an invariant of the conformal class c.
Of particular interest is the case of compact complex surfaces, where recent works [6, 9, 10, 19] showed that lcK metric exists for all known examples of compact complex surfaces with odd first Betti number, with the exception of the complex surfaces obtained by blowing up points of certain Inoue surfaces with zero second Betti number, described in [6] . However, a general existence result is still to come.
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In this paper we study, on a compact complex surface S = (M, J) with odd first Betti number, the problem of existence of locally conformally symplectic forms ω which tame J, i.e. 2-forms ω satisfying dω = θ ∧ ω for a closed 1-form θ (called Lee form of ω), and such that the (1, 1)-part of ω is positive-definite. This is, in general, a weaker condition than the existence of lcK metrics, which turns out to be related to the theory of bihermitian conformal structures [2, 41] in the case when the ω-conjugate of J determines another integrable almost-complex structure J ω on M , see [1] .
We establish the following general existence result, which we believe is an important step towards the resolution of the existence problems for both lcK and bihermitian conformal structures on a non-Kähler complex surface, and which answers in positive (in the case of complex surfaces) a question raised in [36, Open Problem 1] . Theorem 1.1. Any compact complex surface S = (M, J) with odd first Betti number admits a locally conformally symplectic form ω which tames J.
The above theorem is derived from another existence result concerning a conformal class of Hermitian metrics on S = (M, J), which can be regarded as a twisted version of Gauduchon's celebrated theorem [17] , and can be stated as follows. Let a ∈ H 1 dR (M ) be a de Rham cohomology class and α ∈ a a closed 1-form in a. Denote by d α := d − α ∧ . the twisted differential operator defining the Lichnerowicz-Novikov complex, and let d c α := JdJ −1 . Theorem 1.2. Let S = (M, J) be a compact complex surface with odd first Betti number, and c a conformal class of Hermitian metrics on S. Then, there exists a non-zero de Rham class a ∈ H 1 dR (M ) such that for any metric g ∈ c, there exists a representative α ∈ a such that the fundamental 2-form F of g satisfies
The de Rham class a appearing in Theorem 1.2 determines, via the exponential map
a flat holomorphic line bundle L a , and we derive Theorem 1.1 from Theorem 1.2 by showing that, when H 2 (S, L a ) = {0}, S also admits a locally conformally symplectic form with a Lee form α. The proofs of Theorems 1.1 and Theorem 1.2 are presented in Section 2 of the paper, whereas the necessary analytical tools are collected in the Appendix A.
In the light of the "tamed to compatible" conjecture mentioned above, it is natural to compare the existence on S of lcK metrics and of locally conformally symplectic forms taming J, through the corresponding de Rham classes of their Lee forms. We thus introduce in Section 3 the subset C(S) (resp. T (S)) in H 1 dR (M ) of classes a for which there exists a lcK metric on S with Lee form θ ∈ a (resp. for which there exists a locally conformally symplectic form which tames J, with Lee form in a). We obviously have the inclusion C(S) ⊆ T (S), and one may ask (see also [36] , [9, Rem. 9] ): Problem 1.3. Let S = (M, J) be a compact complex surface with odd first Betti number. Determine the set T (S) ⊂ H 1 dR (M ) of classes a for which there exists a locally conformally symplectic form ω which tames J and has a Lee form θ ∈ a. Is T (S) strictly bigger than C(S)?
Our initial motivation to study the above problem came from the theory of bihermitian conformal structures developed in [1] , where the existence of the latter was reduced to answering the question of whether certain classes a ∈ H 1 dR (M ) belong to T (S) and C(S).
A number of partial results concerning Problem 1.3 are obtained in Section 4, where we specialise to the case of a compact complex surface with first Betti number equal to 1.
In the last Section 5 of the paper, we consider some examples of non-Kähler complex surfaces in the Kodaira class VII (i.e. satisfying H 0 (S, K ℓ S ) = {0} for all ℓ ≥ 1, where K S stands for the canonical line bundle of S, see [5] ), for which a complete answer to the above problem can be given. It is known that in this case, the first Betti number equals to 1 (see e.g. [5] ), and that the degree with respect to some Gauduchon metric on S of the holomorphic line bundles determined via (1) induces an orientation on H 1 dR (S) ∼ = (R, >), which turns out to be independent of the choice of a Gauduchon metric (see [46, Rem. 2.4] or Lemma 4.1). Thus, for any compact complex surface in the Kodaira class VII, one can naturally identify H 1 dR (S) with the oriented real line (−∞, +∞). In this notation, a combination of Propositions 5.1 and 5.2 gives Theorem 1.4. Let S be a compact complex surface whith a minimal model S 0 .
(i) If S 0 is a Hopf surface, then T (S) = C(S) = (−∞, 0).
(ii) If S is an Inoue surface of the type S + N,p,q,r;u with u ∈ C \ R, then C(S) = ∅ and T (S) = {a 0 }. (iii) If S is an Inoue surface of the type S + N,p,q,r;u with u ∈ R, then C(S) = T (S) = {a 0 }, where a 0 ∈ H 1 dR (S) denotes the de Rham class for which the holomorphic line bundle determined by (1) is isomorphic to the anti-canonical line bundle K * S .
2.
Existence of locally conformally symplectic forms taming the complex structure
Let α be a closed 1-form on M , representing de Rham class a = [α]. We denote by L = L a the flat real line bundle over M determined by a via (1), and by L * = L −a its dual. The corresponding holomorphic line bundles over S will be denoted by L and L * , respectively.
The differential operator
which is isomorphic to the de Rham complex of differential forms with values in L *
In particular, we have an isomorphism between the cohomology groups
Considering the Dolbeault cohomology groups of S with values in the flat holomorphic line bundle L * , we have
giving rise to the isomorphisms
Definition 2.1. Let X = (M, J) be a complex manifold. We shall say that a differentiable 2-form ω is a locally conformally symplectic form taming J if there exists a closed differentiable 1-form α such that d α ω = 0, and the (1, 1)-part ω 1,1 of ω is positive definite. If, furthermore, ω is of type (1, 1), it defines a locally conformally Kähler structure on X. The 1-form α is called the Lee form α of ω.
Remark 2.2. In terms of the isomorphism between (2) and (3), if we write
with values in L * , whose (1, 1)-part is positive definite (for the latter we use the fact L * = L −a is defined by the co-cycle (e f j −f i , U ij = U i ∩ U j ) which consist of positive constant real functions). Similarly, if ω is a locally conformally symplectic form taming J with d α ω = 0, thenω = e f ω is a locally conformally symplectic form taming J which satisfies dαω = 0 withα = α + df . It follows that the existence of a locally conformally symplectic form taming J with Lee form α merely depend upon the de Rham class
Our first observation is the following Lemma 2.3. Let ω be a locally conformally symplectic form on X = (M, J) with Lee form α. Denote by F := ω 1,1 the (1, 1)-part of ω. Then,
where ω 2,0 and ω 0,2 denote the (2, 0) and (0, 2)-part of ω, respectively. As
be a complex surface and g a Hermitian metric with fundamental 2-form F (·, ·) = g(J·, ·). Then,
where δ is the co-differential with respect to g and θ = JδF is the Lee form of g.
Proof.
Using dF = θ ∧ F (which, as F is a self-dual 2-form with respect to g is equivalent to the relation θ = JδF ), one gets
As F is self-dual, i.e. * F = F where * stands for the Hodge operator with respect to
where D is the riemannian connection of g and {e i , i = 1, · · · , 4} is any J-adapted orthonormal frame.
Remark 2.5. In the light of Remark 2.2, it is easily seen that the condition
is also conformally invariant. More precisely, it is straightforward to check that if g = e f g andα = α + df , then (5) is satisfied for (g, α) if and only if it is satisfied for (g,α).
Recall the fundamental result of Gauduchon [17] which affirms that if X = (M, J) is an m-dimensional compact complex manifold endowed with a Hermitian metric g, then there exists (a unique up to scale) conformal metricg = e f g whose fundamental formF satisfies dd cF m−1 = 0, or equivalently, for whichδJδF = 0. Such Hermitian metric is referred to as Gauduchon metric. By Lemma 2.4 and Remark 2.5, we then obtain (i) for anyg ∈ c, the fundamental 2-formF satisfies dαd c αF = 0 for someα ∈ a; (ii) there exists a positive smooth function ψ on M which satisfies the equation 
and the claim follows.
The general theory for the existence of positive solutions of the elliptic linear secondorder PDE L g,a (ψ) = 0 is reviewed in the appendix A to this paper. We recollect below the following variational characterization.
Proposition 2.7. The PDE (6) has a positive solution ψ if and only if
Furthermore, λ a (g) is a finite number which varies analytically with respect to linear variations g t = (1 − t)g + tg of Gauduchon metrics, or linear variations a t = ta of de Rham classes. g h the harmonic representative of a t with respect to g. We are going to show that λ at (g) < 0 when t ≥ 2 and λ at (g) > 0 for t close to 0; by the second part of Proposition 2.7, this would imply that λ at (g) = 0 for some t ∈ (0, 2).
Let u t > 0 be the eigenfunction of L g,at , corresponding the the principal eigenvalue λ(t) := λ at (g), normalized by M u 2 t v g = 1 (see Theorem A.1 in the Appendix A). We than have
where we have used that g is a Gauduchon metric (i.e. δθ g = 0) to go from the second to the third line. Taking t ≥ 2 in (8) v g has a global minimum 0 at t = 0, so differentiating (8) at t = 0 we get
In order to obtain a converse of Lemma 2.3, we first notice the following Lemma 2.8. Let L be a flat holomorphic line bundle over a compact complex surface
Using the vanishing of the cohomology groups from the hypothesis of the Lemma and the Riemann-Roch formula, one concludes dim
Proposition 2.9. Let g be a Gauduchon Hermitian metric on a compact complex surface S, whose fundamental 2-form
, then there exists a locally conformally symplectic 2-form ω on S with Lee form α and whose
Let L be the flat holomorphic line bundle corresponding to a = [α]. Its degree with respect to the Gauduchon metric g is defined to be
is the topologically trivial complex line bundle over M with s 0 = (U i , e f i ) being a nowhere vanishing smooth section, whereas
where for the last line we have used that dα = 0, δθ g = 0 and (9). By the properties of the degree (see e.g. [18] 
by Lemma 2.8 and the isomorphism (4), we have
which completes the proof.
Proof of Theorem 1.1. Let S = (M, J) be a compact complex surface with odd first Betti number b 1 (M ). If the Kodaira dimension of S is non-negative, it follows from [6] and [48] that S admits a locally conformally Kähler metric. We therefore suppose that the Kodaira dimension of S is negative, i.e. S belongs to class VII of the Kodaira list, see e.g. [5] . Denote by S 0 the minimal model of S. We first suppose that the second Betti number of S 0 is greater or equal to 1, i.e. S 0 is in the Kodaira class VII + 0 (for which a complete classification is still to come). In this case, Theorem 1.1 follows from Theorem 1.2, Proposition 2.9 and the following vanishing result. Lemma 2.10. Let S be a compact complex surface with b 1 (S) = 1 and negative Kodaira dimension. Suppose that the second Betti number of its minimal model S 0 is > 0. Then, for any topologically trivial line bundle L ∈ Pic 0 (S), we have
Proof. By Serre duality, we have to show that for any L ∈ Pic 0 (S),
S must be flat, and therefore 0 = c 2 1 (S) = −b 2 (S) = −c 2 (S) (see [5] ), a contradiction. It follows that σ must vanish along an effective divisor
We show the assertion by induction on the number p of blowing ups.
If p = 0, the surface is minimal and by [34, p. 399] , an irreducible curve C of D is either
• a rational curve such that C 2 ≤ −2, therefore by the adjunction formula, 0 = π(C) = 1 +
and K S · C ≥ 0, or • an elliptic or a rational curve C with a double point. By the same formula,
we have a contradiction in (11) . If p ≥ 1, there is an exceptional curve of the first kind E and let B x : S →Š be the blowing down of E to a point x ∈Š. LetǓ be a ball centred at x and U = B x −1 (Ǔ ) a simply connected neighbourhood of E. The line bundle L is holomorphically trivial on U and, therefore, the coherent sheafĽ = (B x ) * L is in fact a topologically trivial line bundle onŠ.
By Hartogs' theorem, this section extends toŠ. As b 2 (Š) ≥ b 2 (S 0 ) > 0, by the induction hypothesisσ = 0, a contradiction.
Let us now consider the case when b 2 (S 0 ) = 0. According to [8, 45, 33] , S 0 is either an Inoue surface (see [24] ) or a Hopf surface (see [25] ). The arguments in [48, 49] can be used without any change to show that the blow-up S of S 0 admits a locally conformally symplectic form taming J if S 0 does. We thus consider the case S = S 0 .
The Inoue surfaces with second Betti number equal to zero are classified by Inoue [24] who shows that they do not admit curves. Thus, if S is such a surface, the con- If S is a Hopf surface, Lemma 2.10 generally fails, so we cannot directly use Theorem 1.2 in this case. However, according to [6, 19] , S admits a lcK metric.
Cohomological invariants of a non-Kähler complex manifold
An important and well-studied invariant associated to a compact complex manifold X = (M, J) which admits Kähler metrics is its Kähler cone, K(X), defined to be the subset of classes Ω ∈ H 1,1 dR (X, R) for which there exists a Kähler metric on X whose fundamental 2-form belongs to Ω. A characterization of K(X) in terms of the intersection form of the cohomology ring of X, the Hodge structure and homology of analytic cycles has been obtained by N. Buchdahl [11, 12] and Lamari [30, 31] when X is a compact complex surface, and Demailly-Paun [13] in general. These results imply in particular that the classes in H 1,1 dR (X) which contain symplectic forms taming J coincide with K(X).
In order to introduce similarly designed cohomological invariants in the non-Kähler lcK case, one can consider the sets (see [36, 9] ): Definition 3.1. Let X = (M, J) be a compact complex manifold. We introduce the following subsets of H 1 dR (M ): • The subset of classes of Lee forms of lcK metrics:
• The subset of classes of Lee forms of locally conformally symplectic forms taming J:
• The subset of classes of the harmonic parts of the Lee forms of Gauduchon metrics
where θ g h denotes the harmonic part of θ with respect to the riemannian metric g(·, ·) = F (·, J·).
Remark 3.2. It follows from the definition that
G(X) is connected while T (X) is invariant under small deformations of X. Using similar techniques as in [20] , one can show that a ∈ T (X) is an interior point, provided that
, where L = L a is the real flat line bundle determined by a.
We now consider the blow-upX of X at a point x and denote B xX → X the blowdown map which is a biholomorphism betweenX \ E → X \ {x}, where E ∼ = CP m−1 is the exceptional divisor. The following is well-known: Lemma 3.3. Let B x :X → X be the blow-down map which contracts a divisor E ∼ = CP m−1 ⊂X with normal bundle N E ∼ = O(−1) to a point x ∈ X. For any a ∈ H 1 dR (X) with generator α ∈ a, denote byα = B * x (α). Then B * x : H k α (X) → H k α (X) is surjective for any positive k = 2(m − 1), and is injective for any positive k = 2m − 1.
Proof. As H k α (X) does not depend on the choice of α ∈ a (see the discussion in Sec. 2), we can choose α such that it identically vanishes on a open ball U centred at x. It follows thatα = B * x (α) vanishes onÛ = B −1 x (U ). We shall first prove that B *
x : H k α (X) → H k α (X) is surjective. With our choice for α, any dα-closed k-formφ onX is closed overÛ . As
, we can writeφ |Û = d(ξ |Û ). Multiplyingξ |Û by the pull-back via B x of a bump function centred at x and support in U , we can assumeξ is globally defined onX andφ =φ − dαξ is another form representing [φ] ∈ H k α (X) which vanishes identically on a tubular neighbourhood of E. Then, the diffeomorphism (B −1 x ) :X \ E → X \ {x} allows to define a smooth k-form φ = (B −1 x ) * (φ) on X with d α φ = 0 and B * x (φ) =φ. We now prove that B *
x :
x (ϕ) = dαξ. As H k dR (U ) = {0}, we can modify ϕ with a d α -exact form (as we did above withφ) and assume without loss that ϕ |U ≡ 0. It follows that the (k −1)-formξ satisfies dξ |Û ≡ 0. If k = 1,ξ is a smooth function onX which is constant onÛ and, therefore, is the pull back toX of a smooth function ξ on X (which is constant on U ). It follows that
We recall the following result established in [48, 49] . The argument in [49] applies without change to the case of locally conformally symplectic structures taming J: Proposition 3.4. LetX be the blow-up of X at a point x. Then (a) if a ∈ T (X), thenâ = B * x (a) ∈ T (X); (b) a ∈ C(X) if and only ifâ = B * x (a) ∈ C(X). When X = S is a compact complex surface, the following result is well-known: Proposition 3.5. On a compact complex surface S = (M, J) the following conditions are equivalent: [43, 47, 11, 30] .
Proof. '(i) ⇒ (ii)' and '(iv)
In order to prove T (S) = {0}, we use Proposition 2.6: integrating 1 ψ L g,a (ψ) = 0 over (M, g) implies (by using that the harmonic part θ g h of the Lee form vanishes)
showing a g h = 0. Recall the following definition from [37] Definition 3.6. A lcK metric with potential g on X = (M, J) is a lcK metric such that the pull-backF of its fundamental 2-form F to the universal covering spaceX of X is of the formF = dd cf f , wheref > 0 is a positive plurisubharmonic function onX which satisfies γ * f = e cγf (c γ ∈ R) for any deck-transform γ ∈ π 1 (X).
Examples of lcK metrics with potential include the Vaisman lcK metrics (i.e. lcK metrics for which the Lee form θ is parallel) or more generally, pluricanonical lcK metrics, introduced and studied by G. Kokarev in [29] , for which the covariant derivative Dθ of the Lee form is of type (2, 0) + (0, 2) with respect to J, see [37, Claim 3.3] and [40] . 1 The following observation is taken from [36] .
Lemma 3.7. Let X = (M, J) be a compact complex manifold endowed with a lcK metric with potential, g, and Lee form θ. Then for any t ≥ 1, tθ is the Lee form of a lcK metric with potential on X. If, furthermore, g is a pluricanonical lcK metric, then tθ is the Lee form of a pluricanonical lcK metric for any t > 0.
Proof. WritingF = dd cf f onX, the pull-back of the Lee form isθ = − df f
. For any t ≥ 1 putF
For t ≥ 1,F t defines a positive definite (1, 1)-form satisfying dF t =θ t ∧F t with θ t = −t df f = tθ. AsF t is invariant under any deck transformation, it defines a lcK metric with potential, g t , on X, whose Lee form is θ t = tθ.
It is not hard to see that the pluricanonical condition (D
This is essentially the formula appearing in [37, p. 724] , by noting that there is a sign error in [37] in deriving the formula for d(Iθ) from the previous one, and an omission of a factor |θ| 2 g before g in the formula expressing ∇θ − Dθ; the prcise statement appears in [40] . For convenience of the reader we supply here a brief argument for (12): it is well-known (see e.g. [27, II, Prop. 4.2]) that when J is integrable
The lcK condition implies dF = θ ∧ F , which allows to re-write the above equality as
where X ♭ denotes the g-dual 1-form to X. Thus, using (13),
where ( , the authors claim that a lcK metric admits a potential if and only if it is pluricanonical, but a proof is given only in one direction; see [40] for the precise link between the two notions.
showing that |θ| 2 g is a constant. Thus
defines a family of positive definite (1, 1)-forms with dF t = (1 + t)θ ∧ F t . Clearly, F t give rise to a family of lcK metrics which verify the pluricanonical condition (12) .
Remark 3.8. If g is a pluricanonical lcK (non-Kähler) metric on X = (M, J) with Lee form θ, writing the pull-back metric asg = eφg K whereg K is a Kähler metric on the universal coverX conformal tog (or, equivalently, writing the pull-backθ of the Lee form asθ = dφ) gives rise to a potential functionf := e −φ for the fundamental 2-form F ofg, i.e.F = Proof. Let g be a Gauduchon metric on S. The computation in (10) shows
It follows that deg g (L a ) = 0 for any Gauduchon metric if a = 0. On the other hand,
h for a constant µ a (g), so that the sign of deg g (L a ) is equal to the sign of −µ a (g). We know by Proposition 3.5 that µ a (g) = 0. As the space of Gauduchon metrics is convex (and therefore connected), it follows that the sign of µ a (g) is non-zero and is independent of g. 
The above Lemma allows for the following
, for some (and hence any) Gauduchon metric g.
We will thus identify the ordered set H 1 dR (S) ∼ = (R, >). Proposition 4.3. Let S = (M, J) be a compact complex surface with b 1 (M ) = 1. Then G(S) ⊆ (−∞, 0) and T (S) ⊆ (−∞, 0). In particular, for any a ∈ T (S), H 0 (S, L a ) = {0}. Furthermore, for each a ∈ T (S), there exists a class b ≤ a which belongs to G(S).
Proof. Let g be Gauduchon metric on S and θ g h the harmonic part of the corresponding Lee form θ g . Applying (10) 
according to Proposition 3.5, thus showing the first inclusion.
For the second one, one integrates the identity 1 ψ L g,a (ψ) = 0 in Proposition 2.6(ii) in order to obtain (14) 0
It follows that
using again Proposition 3.5. The vanishing H 0 (S, L a ) = {0} follows from the properties of the degree. Inequality (14) and the fact that a and b = [θ Proof. Let g be a lcK metric on S whose closed Lee form θ g belongs to b, and suppose (without loss) that g is a Gauduchon metric: thus, the Lee form of g is harmonic, i.e. 
i.e. iff µ ∈ [0, 1]. It then follows that for any a ∈ [b, c],
We claim that λ a (g) ≥ 0. Indeed,
Similarly, letg be a Gauduchon metric on S for which the de Rham class c = [θg h ] of the harmonic part of its the Lee form satisfies c ≥ b. For any a ≤ c, we haveθg h = νag h for a real constant ν ∈ [0, 1]. It then follows that
As we saw in the proof of Theorem 1.2, this implies λ a (g) ≤ 0.
Considering the linear path g t = (1 − t)g + tg, t ∈ [0, 1] of Gauduchon metrics and using the continuity of λ a (g t ) (see Proposition 2.7), one concludes that there exists a Gauduchon metric g ′ on S with λ a (g ′ ) = 0. Our claim then follows from Proposition 2.9.
Examples
In this section we illustrate the previous discussion on the known compact complex surfaces S in the Kodaira class VII [5] . Note that in this case b 1 (S) = 1. 5.1. Hopf surfaces. These are, by definition, compact complex surfaces with universal covering space C 2 \ {(0, 0)}. It is shown by Kodaira [28] that the fundamental group Γ of such a surface is a finite extension of the infinite cyclic group Z. The list of concrete realizations of Γ as a group of automorphisms of C 2 can be found in [25] , and we summarize this classification in the following rough form: Γ = H ⋉ γ 0 , where γ 0 denotes the infinite cyclic group generated by the contraction γ 0 of C 2
where the complex numbers α, β, λ satisfy 0 < |α| ≤ |β| < 1, λ(α − β m ) = 0 for an integer m ∈ N * . Furthermore, it follows by the classification in [25] that when λ = 0, H ⊂ U(1) × U(1) is abelian and commutes with γ 0 . We denote by S α,β,λ = C 2 {(0, 0)}/ γ 0 the corresponding primary Hopf surface and by S α,β,λ;H the further quotient by H, called secondary Hopf surface.
Hopf surfaces with λ = 0 are called diagonal (or, confusingly, of class 1). Belgun shown [6, Thm. 1] that any such surface admits a Vaisman lcK metric. By Lemma 3.7 and Proposition 4.3, in this case we have T (S) = C(S) = (−∞, 0).
Hopf surfaces with λ = 0 are called resonant (also called, even more confusingly, of class 0). Let S β m ,β,λ;H be a resonant Hopf surface. The analytic family S λ := S β m ,β,λ;H , λ ∈ C has as central fibre the diagonal Hopf surface S 0 = S β m ,β,0;H , while for λ = 0 the surfaces S λ are isomorphic (see [19] ). As S 0 admits a taming conformally symplectic form with Lee form in any a ∈ (−∞, 0) so does S λ , just by continuity using that the taming condition is open. It follows that T (S λ ) = (−∞, 0).
Similarly, as S 0 admits a Vaisman metric by [6, 19] , it has a Vaisman lcK metric g a with fundamental 2-form F a and Lee form in a for any a ∈ (−∞, 0), by Lemma 3.7.
(Recall that any Vaisman lcK metric is pluricanonical.) As the corresponding H commutes with γ 0 in this case, the potentialf for F a can be chosen to be H-invariant (by averaging over H). By the argument in [19] , thef can be deformed to define an H-invariant potential for a lcK metric on S λ , for λ small enough, with the same constant c γ 0 (see Definition 3.6). Using the isomorphism C * = H 1 (S, C * ) ∼ = Pic 0 (S) established for class VII surfaces in [28, I, p . 756], this shows that the induced lcK metrics on S λ will have Lee forms in the same de Rham class a. We thus see that C(S λ ) = (−∞, 0) too.
Using Proposition 3.4 (and Lemma 3.3 with a = 0 and k = 1), we conclude Proposition 5.1. For any compact complex surface S whose minimal model is a Hopf surface, T (S) = C(S) = (−∞, 0).
5.2.
Inoue surfaces with b 2 = 0. The Inoue surfaces S 0 with second Betti number equal to zero are classified by Inoue [24] into three types, S M , S − N ;p,q,r and S + N ;p,q,r;u , where the parameters M, N are matrices with integer coefficients, p, q, r are integers and u is a complex number. Any such surface is the quotient of C×H (where H denotes the upper half-plane in C) under a discrete subgroup Γ of the group A(2, C) of affine trasformations of C 2 , leaving C × H invariant. The specific description of Γ in each case is given in [24] , but we shall not make use of this. The relevant information for the discussion below is the fact, shown by Tricerri in [48] , that all Inoue surfaces admit lcK metrics, except the surfaces of the type S u := S + N ;p,q,r;u for which the complex parameter u is not real. In the later case, Belgun [6] shows that there are no lcK metrics at all. Nevertheless, we proved in Theorem 1.1 that S u always admits timing locally conformally symplectic structures.
Let us now consider in a little more detail the analytic family S u of Inoue surfaces of the third type. We shall show, by using an argument from [6] , that in this case T (S u ) is a single point.
It is known [6, p. 35] , [23, Thm. 1], [50] that S u = (C × H)/Γ u where Γ u is a lattice in the solvable Lie group
The group Sol 1 admits an ad-invariant 1-form α 0 , defined by α 0 (T ) = 1, α 0 (U ) = α 0 (Y ) = α 0 (Z) = 0, which descends to define a closed but not exact 1-form (still denoted α 0 ) on S u . As b 1 (S u ) = 1, by Remark 2.2 we can assume without loss that S u admits a locally conformally symplectic 2-form F which tames J, and whose Lee form equals kα 0 for a non-zero real constant k. As Sol 1 (which define vector fields on the quotient S u , still denoted by U and V ), one can consider the average of F over S u :
It can be shown, as in the proof of [6, Thm. 7] , that F 0 defines a left-invariant 2-form on (Sol 
where L a 0 = K * Su . 5.3. Kato surfaces. These are minimal complex surfaces in the Kodaira class VII whose second Betti number is strictly greater than 0, and which have a global spherical shell (GSS). Conjecturally, any minimal surface in the class VII should be either a Hopf surface, an Inoue surface, or a Kato surface. However, this conjecture is still far from being solved.
For Kato complex surfaces, Brunella [9, 10] has shown that C(S) = ∅ and that C(S) has −∞ as an accumulation point. Note that any Kato surface S is diffeomorphic to (S 1 × S 3 )♯kCP 2 (where k := b 2 (S)), see e.g. [34] . As S 1 × S 3 , with a complex structure of a Hopf surface of class 1, admits a Vaisman metric, it follows by [32, 39] that Further progress in this case seems to depend on a better understanding of the subset G(S), as the following result suggests.
Proposition 5.3. Let S be a Kato surface. Then,
G(S) ⊆ T (S).
Proof. Let c ∈ G(S). Brunella shows (see [9, Rem. 9] We review here some spectral properties of the second order strongly elliptic linear operators in the form
where g is a Riemannian metric on a compact manifold M , ∆ g = δ g d is the corresponding Riemannian Laplacian (which we shall consequently denote by ∆), α is a given smooth 1-form and c a given smooth function on M . Note that L need not to be self-adjoint in general, a case where the spectral theory is well-established. In a local chart U , L takes the form
where a ij U , b k U , c U are smooth real functions such that the symmetric matrix (a ij U ) is uniformly positive definite on U . In this case, the Perron-type Theorem established in [16, p. 360] and [35] states that if Ω ⊂ U is compactly supported domain with smooth boundary, the operator L U taken on smooth functions onΩ with zero boundary value has real eigenvalue λ 0 (called principal eigenvalue) such that for any other eigenvalue λ, Re(λ) ≥ λ 0 ; furthermore λ 0 is simple and the corresponding eigenspace is generated by a nowhere vanishing smooth function u 0 on Ω.
Recall that for any strongly elliptic linear operator L : C ∞ (M ) → C ∞ (M ), the set of (complex) eigenvalues is discrete, having a limit point only at infinity, see e.g. [7, p. 465] or [4, p. 126] . We want to establish the following adaptation of the Perron-type Theorem mentioned above to the case of a compact manifold without boundary (as we failed to find a reference to this result in the literature).
Theorem A.1. Let L(u) = ∆u + g(α, du) + cu be a linear strongly elliptic linear differential operator of order 2 on a compact Riemannian manifold (M, g). Then, there exists a real eigenvalue λ 0 for L which admits a smooth everywhere positive eigenfunction u 0 . Furthermore, λ 0 satisfies the following properties:
(i) λ 0 is of multiplicity one.
Definition A.2. The eigenvalue λ 0 is called the principal eigenvalue of L.
Proof of Theorem A.1. The proof will be decided into four steps, corresponding to the statements in the Theorem A.1 as follows.
Step 1. We shall establish in this
Step the existence of a real eigenvalue λ 0 corresponding to an everywhere positive smooth eigenfunction u 0 . To this end, we shall work with the Sobolov spaces W 2 k (M ) corresponding to the norm
where |D j f | is the point-wise norm of the j-th covariant derivative and v g is the Riemannian volume form. In what follows, we shall choose k sufficiently large so that we have a continuous embedding W 2 k (M ) ⊂ C 2 (M ). Because M is compact, we also have the continuous embeddings
We shall assume (without loss) in what follows that the smooth function c ≥ 0 (otherwise we consider the operator L − (inf M c)Id instead of L). Then, by the maximum principle [4, III, Sect. 8, 3 .71] (which in the sequel we shall always apply to −L and −u), 0 is not an eigenvalue of L, i.e. KerL = {0}. It is a standard fact that L :
Indeed, as L = ∆ + T with ∆ being the self-adjoint Riemannian Laplacian and T of order ≤ 1, the composition T :
is a compact operator by the Rellich-Kondrachov theorem (see [7, p. 458 By induction, for k ≥ 1,
which is possible only if λ ≤ µ.
We are now going to show that for any ǫ > 0, the closed subset of W 2 k (M ) S ǫ := {u ∈ C | ∃ λ, 0 ≤ λ ≤ 2µ, u = λA(u + ǫw)} is unbounded. To this end, we shall use (17) in conjunction with the well-known Schaefer theorem (see [16, p. 540] ), which states that ifÃ : W → W is a continuous compact (not necessarily linear) mapping of a Banach space W and C ⊂ W is a convex subset stable byÃ, thenÃ has a fixed point in C provided that the subset {u ∈ C | ∃ λ, 0 ≤ λ ≤ 1 such that x = λÃ(x)} is bounded.
In our case, W = W 2 k (M ),Ã (u) := 2µ A(u) + ǫv which is continuous compact because A is, and C ⊂ W 2 k (M ) is the convex subset introduced in (16) . Furthermore, if S ǫ were bounded,Ã would satisfy the hypothesis of the Schaefer theorem with respect to C, soÃ would have a fixed point u in C, i.e. u =Ãu = 2µA(u + ǫw), which contradicts (17) .
Since S ǫ is not bounded, there exists u ǫ ∈ S ǫ with u ǫ k ≥ Since A is compact, we can take a sub-sequence if necessary and suppose that (λ m ) and (u m ) are convergent. Let λ 0 := lim m→∞ λ m and u 0 := lim m→∞ u m ≥ 0. Taking limit in (18), we get u 0 = λ 0 A(u 0 )
The condition u m k = 1 prevents λ 0 and u 0 to vanish. Thus, u 0 = λ 0 A(u 0 ) > 0, and applying L to the above equality we obtain L(u 0 ) = λ 0 u 0 with λ 0 > 0.
Step 2. We shall now prove that the multiplicity of λ 0 is one. As L is a real operator, it is enough to consider a smooth non-identically zero real valued function u on M , such that Lu = λ 0 u. Step 3. We now show that for any other (complex) eigenvalue λ of L, Re(λ) > λ 0 .
Let u ≡ 0 be a complex-valued smooth function on M with Lu = λu and let v := u/u 0 . We then have i.e. v = u/u 0 is a constant. As λ = λ 0 by assumption, this is a contradiction.
Step 4. We finally have to prove that Theorem A.3. Let L(t) be an analytic family of linear strongly elliptic operators as in Theorem A.1. For each t, denote by λ 0 (t) the principal eigenvalue of L(t) with corresponding eigenfunction u t > 0, normalized by M u 2 t v g = 1. Then λ 0 (t) and u t vary analytically with respect to t.
